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@ Consider the following elliptic operator in non-divergence form on RY
withd > 3
d 62
LF(x) =D ay(x) 55— (%),

Ox;0x;
ij=1 v

@ where (a;j(x))1<ij<q is a symmetric d x d matrix-valued uniformly elliptic
function on R? and satisfies the Dini continuity condition.
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@ Consider the following elliptic operator in non-divergence form on RY
withd > 3
d 82
L = () =———f(x).
f(x) l_JZI al] (x) 8Xi6xj'f(x>
@ where (a;j(x))1<ij<q is a symmetric d x d matrix-valued uniformly elliptic
function on R? and satisfies the Dini continuity condition.

@ Question: What are the two-sided estimates of the £-Green function Gp(x, y,
on a bounded C"! domain D as well as its first and second order deriva-
tives estimates?
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Background: Green function for A on bounded C''! domain

@ Probabilistic definition. The Green function G5 (x,y) is the occupation
density of Brownian motion W on D. That is, for each f € C°(D),

E. /0 " Fwy)ds = /D G (x.y)f () dy.
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Background: Green function for A on bounded C''! domain

@ Probabilistic definition. The Green function G5 (x,y) is the occupation
density of Brownian motion W on D. That is, for each f € C°(D),

E. /0 " Fwy)ds = /D G (x.y)f () dy.

@ Analytic definition. Suppose D is a bounded domain and the boundary
0D is regular. Suppose ¢ is locally Holder continuous in D. Then

) i= Gel) = [ GRxy)el)dy
D
is the unique solution of the following Poisson equation

Au =—p, in D
u =0, on OD.
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Suppose D is a bounded C'! domain with characteristics (Ro, Ag) in R? with
d>3.

@ Widman(1967) and Zhao(1986) proved that there is a constant C > 1
depending on (d, Ao, Ry, diam(D)) such that for x # y in D,

o <1/\ ‘5D(x)) <1/\ 5D(y)) < Gp(x,y)

x — y|42 x —yl x =yl

< oy (1 " |iD(x;3|> <1 " |iD(y;3|> |
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Suppose D is a bounded C'! domain with characteristics (Ro, Ag) in R? with
d>3.

@ Widman(1967) and Zhao(1986) proved that there is a constant C > 1
depending on (d, Ao, Ry, diam(D)) such that for x # y in D,

o <1/\ ‘5D(x)) <1/\ 5D(y)) < Gp(x,y)

x — y|42 x —yl x =yl
< 7C . <1 A 5D(x)> <1 A 5D£y) >
lx — |x — | |x — |

@ Foreach y € D, G5(-,y) is A-harmonic in D \ {y}. By the classical
harmonic function theory, G4 (x, y) is a smooth function for (x,y) € D x
D\ diag.
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By the derivative estimates of A-harmonic function in balls, there exists a con-
stant C = C(d, Ao, Ry, diam(D)) such that for any x # y in D,

A C 50()’)
ViGp (x < 1 ;
| D( ay)‘ — ’ ‘d—l ( A | ‘ ’

and

PN ‘ C ( %(y))( 5D<x>>‘1
9 GAxy)| < 1A 1A .
‘ax,-axj p)| < i M ey, x— ]
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Background: Divergence form elliptic operator

o Let
d

=Y o (aij(X);xj)f(x)-

ij=1

be a uniformly elliptic operator with uniform ellipticity constant A.
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Background: Divergence form elliptic operator

o Let
d

0 0
Lo (x) = E — (a(x) o= .
) ij=1 Ox; <al] ) axj)f(X)
be a uniformly elliptic operator with uniform ellipticity constant A.

@ Griiter-Widman(1982) proved that when D is a bounded domain, there
exists a unique function G%(x, y) such that for each ¢ € C°(D),

_(‘COGOD('ay)a (b) = ¢(y)
Moreover,

Gp(x,y) < C(d, Xo)lx =y, x#yeD.
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Furthermore, Griiter-Widman(1982) proved when D satisfies the exterior
sphere condition and suppose a;; satisfies the Dini condition, that is,

|aij(x) — a;j(y)] < £(lx = yI),

where £(-) : [0,00) — [0, 00) is a monotonically increasing continuous
function with £(0) = 0 and

/lf(t)/tdt< 00.
0
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Furthermore, Griiter-Widman(1982) proved when D satisfies the exterior
sphere condition and suppose a;; satisfies the Dini condition, that is,

|aij(x) — a;j(y)] < £(lx = yI),

where £(-) : [0,00) — [0, 00) is a monotonically increasing continuous
function with £(0) = 0 and

/lf(t)/tdt< 00.
0

Then there is a constant C = C(d, Ao, Ao, Ro, diam(D)) such that for x #

yin D,
! 5o(x) > ( 50(3) >
G(x,y) < (1 A 1A
pley) S el \ M ey =]

and

0
9,63 < Cle =y (14 720
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Background: Non-divergence form elliptic operator

@ Consider the following uniformly elliptic operator in non-divergence form
on R? with d > 3

Za” 3x,8xj flx).

ij=1
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Background: Non-divergence form elliptic operator

@ Consider the following uniformly elliptic operator in non-divergence form
on R? with d > 3

Zalj 3x,8xj (x)-

ij=1

@ Unlike the case of divergence form operators that is uniformly elliptic
and bounded, Bauman(1986) showed a counterexample that Gp(x, y) for
a bounded and smooth domain D may not be bounded by c|x —y|?>~“ even
when the coefficient a;; is uniformly continuous.
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Background: Non-divergence form elliptic operator

@ Consider the following uniformly elliptic operator in non-divergence form
on R? with d > 3

Zalj 3x,8xj ().

ij=1

@ Unlike the case of divergence form operators that is uniformly elliptic
and bounded, Bauman(1986) showed a counterexample that Gp(x, y) for
a bounded and smooth domain D may not be bounded by c|x —y|?>~“ even
when the coefficient a;; is uniformly continuous.

@ Whenay;, 1 <i,j < dare Holder continuous, Hueber and Sieveking(1982)
proved that the Green function of £ on bounded C'*! domain is compara-
ble to the Green function of A.
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@ Suppose a;; satisfies the Dini condition, Hwang and S. Kim (2020) proved
that there is a non-negative Green function G5(x,y) on D x D \ diag of £
on any bounded C'! domain D C R¢ in the sense that for any f € L”(D)
with p > d/2,

u(x) = Gf(x) = / G5 () 0)dy

D

is in W2?(D) N Wé ?(D) and is a strong solution for

Lu =—f in D
u =0 on OD.
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@ Furthermore, Hwang and Kim(2020) proved that
Gp(x,y) < Clx —y**

VG5 (x,y)| < Clx —y|' ™

Moreover, if D is a bounded C>P™M domain,
IViGH(x,y)| < Clx —y| ™7,

where C = C(d, \o, Ro, Ao, diam(D)).
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@ Furthermore, Hwang and Kim(2020) proved that
Gp(x,y) < Clx —y**

V<G (x,y)| < Clx —y|'™

Moreover, if D is a bounded C>P™M domain,
IV3GH(x,y)] < Clx —y| ™,

where C = C(d, \o, Ro, Ao, diam(D)).

What are the sharp estimates of GS (x,y) on a bounded C!»' domain? What
about the first and second derivative estimates?
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Our setting

@ Consider the following elliptic operator in non-divergence form on RY
withd > 3
d 82
LF(x) = ) ay(x) 5 ——f (),

Ox;0x;
ij=1 I
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Our setting

@ Consider the following elliptic operator in non-divergence form on RY
withd > 3
d 82
LF(x) = ) ay(x) 5 ——f (),

Ox;0x;
ij=1 1

@ Suppose (a;j(x))i1<ij<a is a symmetric d x d matrix-valued function on
R? and there exists a constant \g > 1 such that for all x € R? and ¢ € R¢,

d
e < Z a;j(x)&& < Nolél*.

ij=1

Moreover, a;j(x) satisfies the /-Dini continuity condition.
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Our setting

@ Since A(x) is uniformly continuous, bounded and uniformly elliptic, the
martingale problem for (£, C2°(R?)) is well posed and its solution forms
a conservative strong Markov process X that has continuous sample paths
and strong Feller property.
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Our setting

@ Since A(x) is uniformly continuous, bounded and uniformly elliptic, the
martingale problem for (£, C2°(R?)) is well posed and its solution forms
a conservative strong Markov process X that has continuous sample paths
and strong Feller property.

@ We call Gp(x,y) is a Green function of X in D, or equivalently, of £ on
D, if for any non-negative f € C.(D),

E, [/OTDf(XS)ds] = /DGD(x, v)f(y)dy forevery x € D.
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Theorem (Chen-W., 2021):

Suppose D is a bounded C'' domain with characteristics (Rg, Ag). There
is a unique jointly continuous non-negative function Gp(x,y) = G5(x,y)
on D x D \ diag of the process X. Moreover, there exist K; =
Ki(d, Mo, ¢, Ry, Ao, diam(D)) > 1,i = 1,2, 3 such that

0
K;'GH(x,y) < Gp(x,y) < KiGH(x,y);
(ii)
K < 51)()’))
V,Gp(x,y)| < ————— (1A ;
VGl e U ey
(iii)
92 ‘ K; ( 5D(y)>< 5D(x)>1
7 Gp(x,y)| < 1A 1A .
oo P = o LA ey ) LA ey
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Step 1: Identification of Gy (x,y) = G5(x,y)

By Hwang-Kim(2020), for each f € LY(D) with g > d,
) = GEF () = [ GE(x.3)70) dy

is in W24(D) N C(D) and is a strong solution of

Lu =—f in D;
u =0 on OD.
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Letf € C.(D) and u(x) := G5f(x) Let u. = u * 1. be the mollifier of u. By
Ito’s formula,

INTD,
E, [uE(X,ATDgo)} —us(x) = E, [/ ‘ Eua(Xs)ds]
0
t/\7'1)60
=E, [/ —f % wg(Xs)ds] , X € De,.
0
By taking t — 00, — 0 and letting €9 — O,

GEf(x) = u(x) = K, [ /0 v f(Xs)ds] . xeD.
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Letf € C.(D) and u(x) := G5f(x) Let u. = u * 1. be the mollifier of u. By
Ito’s formula,

t/\‘I'DE0
E, [uE(X,ATDgo)} —us(x) = E, [/ Eua(Xs)ds]

0

t/\7'1)60
=E, [/ —f * ws(Xs)ds] , X € Dq.
0
By taking t — 00, — 0 and letting €9 — O,
™D
GEf(x) = u(x) = E, [/ f(Xs)ds] , x€D.
0

Then
GD(xv y) - Gg('xv y)
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Step 2: Levi’s freezing coefficient method

Define for each fixed z € R¥,

d 82
€= 3wl
ij=1 e
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Step 2: Levi’s freezing coefficient method

Define for each fixed z € R¥,
Gy &
LY = i )
i,/zz:l ) 0xi0x;

For each fixed z € RY, denote by G(DZ) the Green function of £&) in D.
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Step 2: Levi’s freezing coefficient method

Define for each fixed z € R¥,

d 82
€= 3wl
ij=1 e

For each fixed z € RY, denote by G(DZ) the Green function of £ in D. We
search for Green function Gp(x,y) of £ in D of the following form:

Golx,y) = G (x,y) + / 69 (x,2)g0 (2, y)dz
D

for some function gp(x, y).
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Gox,y) = G2 (x,y) + / 69 (x, 2)gn (2, y)dz
D
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Goly) = 6w + [ G5 (x2)en(zi
D
Formally applying £ on both sides in x, we have

Sy (0) = LOGY () () + LW /D G (-, 2)(¥)en(z,y)dy
= LOG (y)) + (LY — LO)GR) () )
" / (L9 + (L9 — £0)GE (-, 2)(x)gn(zy)dy
D
= 0y () + (L9 — LG () (x) — gp(x,y)

+ / (L9 — LG (-, 2) (¥)p(z y)dy.
D

Here 4y, stands for the Dirac measure concentrated at y.
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We obtain
gn(x,y) =(LY — LG (-, y)(x)
4 / (LD — LOVGD (-, 2)(x)gn(z,y)dy.
D
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We obtain
gn(x,y) =(LY — LG (-, y)(x)
4 / (LD — LOVGD (-, 2)(x)gn(z,y)dy.
D

Setting
gD (x,y) == (LY = LO)GE () (),

we see that gp(x, y) should satisfy the following integral equation

en(x,y) = g (x,y) + /D eY (x, 2)gn(z,y)dz.
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Applying the above equation recursively, it motives us to define

oo
k
go(xy) = g (x,y)
k=0
whenever it converges, where

e ey) = [ o)l ) fork = o
D
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Lemma 1:

Suppose D is a bounded C!»' domain in R with characteristics (R, Ag). There
exist constants Cy = Ci(d, Ao, Ao, Ry, diam(D)) > 1, k = 1,2, 3, such that for
every A > 0,z € R? and x # y in AD,

G (x,) < yx—1y|d—2 (1 A 5”’()6)) <1 A 5”(”) :

lx — | lx — y|

V2GS (x, )| < o (1 A 5”)(”) ;

|x — y|@—1 lx — |
»* ' C3 ( 5AD(Y)> ( 5/\D(x)>_
G\ (x, < 1A 1A
oo 0| S o (1A oy, =
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Lemma 2
There exist positive constants § = 6(d, Ao, ¢, Ay, Ry, diam(D)) € (0,1) and
C = C(d, M\, ¢, Ao, Ry, diam(D)) such that for any X € (0, 6],

g (X, ) ngxy

converges absolutely and locally uniformly on (AD) x (AD) \ diag with

Ulx—vy])d
‘g)\ny|<Z’g>\ny C|(| ) S ()

for x € A\D.
x—yl4 dxp(x) 7y
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Identification of the Levi’s freezing formula

Gp(x,y) = G&‘g(xa y) Jr/A G(fz);(x, 2)exn(z,y)dz, x#y € AD.
D
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Identification of the Levi’s freezing formula

Gp(x,y) = G%(Xa y) Jr/A G(fz);(x, 2)exn(z,y)dz, x#y € AD.
D

@ Define

Gap(x,y) = G%(x, y) + / G&%(n 2)gxp(z,)dz, x#y € AD.
AD
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Identification of the Levi’s freezing formula

Gp(x,y) = G%(Xa y) Jr/A G(fz);(x, 2)exn(z,y)dz, x#y € AD.
D

@ Define
Gap(x,y) = G%(x, y) + / G&%(n 2)gxp(z,)dz, x#y € AD.
AD

@ For each C2°(AD) function 1), GAD¢ = | GAD x,¥)¥(y)dy is in
W2P (AD) for any p > 1 and

LGptp = —1 in AD
Gty =0 on 9(AD).
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Identification of the Levi’s freezing formula

Gp(x,y) = G%(Xa y) Jr/A G(fz))(x, 2)exn(z,y)dz, x#y € AD.
D

@ Define

Gap(x,y) = G%(x, y) + / G(fl))(n 2)gxp(z,)dz, x#y € AD.
AD

@ For each C2°(AD) function 1), GAD¢ = | GAD x,¥)¥(y)dy is in
W2P (AD) for any p > 1 and

LGptp = —1 in AD
Gty =0 on 9(AD).

° Once~ this is established, we can use mollifier and Ito’s formula to show
that Gyp(x, y) is the occupation density Gp(x,y) of the diffusion process
X associated with £ in AD.
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Green function estimates on small bounded C!' domain

By Levi’s freezing formula, we obtain

Lemma:

Suppose D is a bounded C!'! domain in R? with characteristics (Rg, Ag).
There exist positive constants C = C(d, Ao, ¢, Ry, Ag,diam(D)) and 0 =
0(d, Mo, ¢, Ry, Ao, diam(D)) such that for any A € (0, 6],

C ) .
Gp(x,y) < Ky (1 A |;\D—())/’)‘> on (AD) x (AD) \ diag

and for any v > 1,

C 0
Gan(x,y) = T —y[°2 <1 A |;\li();])|> on [x — y| < ydxp(x).
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Green function estimates on small bounded C!' domain

By Levi’s freezing formula, we obtain

Lemma:

Suppose D is a bounded C!'! domain in R? with characteristics (Rg, Ag).
There exist positive constants C = C(d, Ao, ¢, Ry, Ag,diam(D)) and 0 =
0(d, Mo, ¢, Ry, Ao, diam(D)) such that for any A € (0, 6],

C ) .
Gp(x,y) < Ky (1 A |;\D—())/’)‘> on (AD) x (AD) \ diag

and for any v > 1,

C 0
Gan(x,y) = T —y[°2 <1 A |;\li();])|> on [x — y| < ydxp(x).
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Boundary decay rate of Gp(x,y) in x

@ For each subdomain V with D\ 'V # (),
Gp(x,y) =E,[Gp(Xyr,,y);7v < 7p] foreveryx eV and y € D\V.
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Boundary decay rate of Gp(x,y) in x

@ For each subdomain V with D\ 'V # (),
Gp(x,y) =E,[Gp(Xyr,,y);7v < 7p] foreveryx eV and y € D\V.

@ By the test function argument in Chen-Kim-Song-Vondracek(2012) for
A + A%/?, we obtain

Lemma:

Suppose D is a bounded C!'! domain in R¢ with characteristics (Ro, Ag). Let

ro = 7 IfiAg' There are constants 8y = do(d, Ao, Ro, Ao) € (0,7r9) and Cy =

Ci(d, Ao, Ro, No), kK = 1,2, such that for any \; > 1,0 € 9D, and x €
Dg(00/A1,ro/ A1) withx =0,

P, (XTDQ(%/MJO/M) € D) < Cl)\lép(x),

Px <XTDQ(50/>\N0//\1) € UQ(50/)\1,7”0/)\1)) Z C2A15D(x).
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Two-sided estimates of G, (x,y) on small domains

Suppose D is a bounded C'+! domain in R with characteristics (Ro, Ag)-
There exists a positive constant C = C(d, Ao, ¢, Ao, Ry, diam(D)) > 1 and
6 = 6(d, \o, Ro, Ao, diam(D)) such that for any r € (0, 6],

C1GSp(x,y) < Gap(x,y) < CGLp(x,y) forx #y € AD.
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Two sided estimates of Gy (x, y) in bounded C"! domain D

Suppose D is a bounded C'»' domain in R with characteristics (R, Ag). There
exists a positive constant C = C(d, g, ¢, Ao, Ry, diam(D)) > 1

C'Gp(x,y) < Gp(x,y) < CGp(x,y) forx#yeD.
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Step 3: First and second derivatives of Gp(x, y)

o By taking derivative on both sides of Levi’s freezing formula, we can
obtain the upper bounded estimate of the first derivative |V,Gp(x,y)|.
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Step 3: First and second derivatives of Gp(x, y)

o By taking derivative on both sides of Levi’s freezing formula, we can
obtain the upper bounded estimate of the first derivative |V,Gp(x,y)|.

@ However, this method does not work well for the second order derivative
estimates on Gp(x,y). We use the second derivative estimate

[VEGB(x,y)| < clx =y

on balls from Hwang-Kim(2020) and an integral representation of the
Green function of £ on small balls to obtain the upper bound estimate
of the second order derivative |D>Gp(x, y)|.
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Thank you for your attention!
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